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Abstract
Let H and K be bounded positive operators on a Hilbert space, and assume that H is nonsingular. Based on Peder-
sen and Takesaki’s research on the operator equation K = THT , Furuta and Bach gave deep discussion on the equation
K = T 12 (T 12 H 1n T 12 )nT 12 where n is a natural number. As a continuation, this paper is to consider the equation Kp =
H
δ
2 T
1
2 (T
1
2 Hδ+rT 12 )
p−δ
δ+r T
1
2 H
δ
2 where p > 0, r > 0 and p  δ > −r . As applications, we prove that the inclusion relations
among class wA(p, r) operators are strict and show a generalization of Aluthge’s result.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
A capital letter (such as T ) means a bounded linear operator on a Hilbert space. T  0 and T > 0 mean a positive
operator and an invertible positive operator, respectively.
In [15], Pedersen and Takesaki developed the operator equation K = THT as a useful tool for the noncommutative
Radon–Nikodym theorem. By using Douglas’s majorization theorem [5], Nakamoto [14] provided a simple proof.
As generalizations, Bach and Furuta [3,7] gave deep discussion on the equation K = T (H 1n T )n.
Theorem 1.1. (See [7].) Let H and K be bounded positive operators on a Hilbert space, and assume that H is
nonsingular.
(1) The following statements are equivalent for any natural number n:
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(b) there exists a unique positive operator T such that ‖T ‖ a and
K = T 12 (T 12 H 1n T 12 )nT 12 . (1.1)
(2) If there exists a positive operator T satisfying (1.1) for some natural number n, then, for each natural number
m n, there exists a positive operator T1 satisfying
K = T
1
2
1
(
T
1
2
1 H
1
m T
1
2
1
)m
T
1
2
1 . (1.2)
Lin [12] showed a generalization of Theorem 1.1(1) via Furuta inequality [6] under the restriction a = 1.
Theorem 1.2. (See [3].) Given any natural number n and m with m < n, there exist a nonsingular positive operator
H and a positive operator K such that Eq. (1.2) is solvable and (1.1) is unsolvable.
In this paper, as a continuation, we consider the following equation for p > 0, r > 0 and p  δ > −r
Kp = H δ2 T 12 (T 12 Hδ+rT 12 ) p−δδ+r T 12 H δ2 . (1.3)
Obviously, the special case p = 1, r = 1
n
and δ = 0 of (1.3) becomes (1.1). Theorems 1.1–1.2 are extended to
Theorems 2.1–2.2, respectively.
Some applications are obtained. We show that the inclusion relations in the following result are strict. See Theo-
rem 3.1 below.
Theorem 1.3. (See [10,11].) Let T be a class wA(p, r) operator, then T is a class wA(p1, r1) operator for p1  p > 0
and r1  r > 0.
A kind of polar decomposition of Aluthge transformation [1] is given. See Theorems 3.3–3.4 below.
2. The equation Kp = H δ2 T 12 (T 12 Hδ+rT 12 ) p−δδ+r T 12 H δ2
Theorem 2.1. Let H and K be bounded positive operators on a Hilbert space, and assume that H is nonsingular.
(1) The following statements are equivalent for any p > 0, r > 0 and p  δ  0:
(a) aHδ+r  (H r2 KpH r2 ) δ+rp+r for some a  0;
(b) there exists a unique positive operator T satisfies ‖T ‖ a and (1.3).
If in additional H is invertible, (1) holds for p  δ > −r .
(2) If there exists a positive operator T satisfying (1.3) for fixed p > 0, r > 0 and p  δ  0, then, for p1  p and
r1  r , there exists a positive operator T1 satisfying
Kp1 = H
δ
2
1 T
1
2
1
(
T
1
2
1 H
δ+r1T
1
2
1
) p1−δ
δ+r1 T
1
2
1 H
δ
2
1 . (2.1)
Lin [12] showed case δ = p−nr
n+1 of Theorem 2.1(1) under some restrictions.
Theorem 2.2. Given any positive numbers p, r , p1 and r1 with r1 > r , there exist a nonsingular positive operator H
and a positive operator K such that case δ = 0 of Eq. (2.1) is solvable and case δ = 0 of (1.3) is unsolvable.
To give proofs, the following results are needful.
Theorem 2.3. (See [5].) The following assertions are equivalent for any operators A and B .
(1) AA∗  λBB∗ for some λ 0.
(2) There exists a C with A = BC and ‖C‖ λ.
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(X∗X)α = X∗(XX∗)α−1X,
especially in case α  1 the equality holds without invertibility of X.
Theorem 2.5 (Furuta type inequality). (See [19,21].) Let A,B  0, α0, β0 > 0, −β0 < δ0  α0, −β0  δ0 < α0.
(1) If 0 δ0  α0, then
(
B
β0
2 Aα0B
β0
2
) β0+δ0
β0+α0  Bβ0+δ0 ⇒ (B β2 AαB β2 ) β+δ0β+α  Bβ+δ0
for any α  α0 and β  β0.
(2) If −β0  δ0  0 and N(A) ⊂ N(B), then
Aα0−δ0 
(
A
α0
2 Bβ0A
α0
2
) α0−δ0
α0+β0 ⇒ Aα−δ0  (Aα2 BβAα2 ) α−δ0α+β
for any α  α0 and β  β0.
Theorem 2.5 is important to the proof of (2) of Theorem 2.1.
Lemma 2.6. (See [16].) Let a, b, d and θ be real numbers and satisfy a + b > 0, ab = d2, and S = ( a de−iθ
deiθ b
)
. Then
Sp = (a + b)p−1S for p > 0.
Proof of Theorem 2.1. The proof is similar to [7].
(a) ⇒ (b). By Theorem 2.3, there exists a S such that(
H
r
2 KpH
r
2
) δ+r
2(p+r) = H δ+r2 S = S∗H δ+r2 .
Put T = SS∗, then ‖T ‖ a and by Lemma 2.4,
H
r
2 KpH
r
2 = H δ+r2 T 12 (T 12 Hδ+rT 12 ) p−δδ+r T 12 H δ+r2 .
So (1.3) holds for H is singular.
(b) ⇒ (a). For a with ‖T ‖ a, by Lemma 2.4, (1.3) implies
(
H
r
2 KpH
r
2
) δ+r
p+r = (H δ+r2 T 12 (T 12 Hδ+rT 12 ) p−δδ+r T 12 H δ+r2 ) δ+rp+r = H δ+r2 TH δ+r2  aHδ+r . (2.2)
To show the uniqueness of T . Assume that Z also satisfies (1.3), by (2.2) we have
H
δ+r
2 ZH
δ+r
2 = (H r2 KpH r2 ) δ+rp+r = H δ+r2 TH δ+r2 ,
therefore Z = T .
Next to prove (2). By the assumption and (1), (a) holds for some a > 0, that is
(
a
p+r
p(δ+r) H
)δ+r  ((a p+rp(δ+r) H ) r2 Kp(a p+rp(δ+r) H ) r2 ) δ+rp+r . (2.3)
So that the following follows from (2) of Theorem 2.5:
(
a
p+r
p(δ+r) H
)δ+r1  ((a p+rp(δ+r) H ) r12 Kp1(a p+rp(δ+r) H ) r12 ) δ+r1p1+r1 ,
that is
a
p+r
p(δ+r) · p1(δ+r1)p1+r1 Hδ+r1 
(
H
r1
2 Kp1H
r1
2
) δ+r1
p1+r1 .
Therefore (2.1) is solvable. 
J. Yuan, Z. Gao / J. Math. Anal. Appl. 341 (2008) 870–875 873Remark 2.7. For each p > 0, r > 0 and min{p,1}  δ > −r , it is clear that the condition (a) is satisfied if H is
invertible or, more generally a
p+r
p(δ+r) H  K for some a  0 by (2.3) and Furuta inequality [6]. In the first case, the
solution T to (1.3) is given by T = H −(δ+r)2 (H r2 KpH r2 ) δ+rp+r H −(δ+r)2 by (2.2).
Proof of Theorem 2.2. The proof is inspired by [3].
For a natural number k, let Ak =
( 1 0
0 k−4
)
and Bk = 11+k2
( 1 k−1
k−1 k−2
)
. Take H = ⊕∞k=1 A 1r1k and K = ⊕∞k=1 K 1p1k
where Kk = A
−1
2
k B
p1+r1
r1
k A
−1
2
k . By Lemma 2.6, Kk = 1(1+k2)k2p1/r1
( 1 k
k k2
)
, hence ‖K1/p1k ‖ = k−2/r1  1 and K is mean-
ingful.
Next to show that the operators H and K satisfy the conditions.
In fact, Hr1 − (H r12 Kp1H r12 )
r1
p1+r1 =⊕∞k=1(Ak −Bk) 0 and this implies case δ = 0 of (2.1) is solvable by (1) of
Theorem 2.1. Meanwhile, case δ = 0 of (1.3) is unsolvable for H and K here. Otherwise, also by (1) of Theorem 2.1,
H and K satisfy (a) for some a > 0. This implies that
aA
r/r1
k 
(
A
r
2r1
k K
p
p1
k A
r
2r1
k
) r
p+r .
By Lemma 2.6,
a A
−r
2r1
k
{
A
r
2r1
k
1
(1 + k2)k2p/r1
(
1 k
k k2
)
A
r
2r1
k
} r
p+r
A
−r
2r1
k
= A
−r
2r1
k
(
1
(1 + k2)k2p/r1
) r
p+r ( 1
1 + k2(1−2r/r1)
) p
p+r ( 1 k1−2r/r1
k1−2r/r1 k2(1−2r/r1)
)
A
−r
2r1
k
=
(
1
(1 + k2)k2p/r1
) r
p+r ( 1
1 + k2(1−2r/r1)
) p
p+r (1 k
k k2
)
. (2.4)
Therefore,
a 
(
1 + k2
k2r/r1(1 + k2(1−2r/r1))
) p
p+r =
(
1 + k2
k2r/r1 + k2(1−r/r1)
) p
p+r
. (2.5)
So that a ∞ by letting k → ∞ for max{2r/r1,2(1 − r/r1)} < 2. This is a contradiction. 
A fact in the proof of Theorem 2.2 is useful.
Theorem 2.8. Given any positive numbers p, r , p1 and r1 with r1 > r , there exist invertible positive operators H and
K such that
Hr1 
(
H
r1
2 Kp1H
r1
2
) r1
p1+r1 , aHr 
(
H
r
2 KpH
r
2
) r
p+r ,
where a is an arbitrary positive number.
Proof. The operators H and K in the proof of Theorem 2.2 are suitable. 
3. Applications
For q > 0, T is called a q-hyponormal operator if (T ∗T )q  (T T ∗)q , where T ∗ is the adjoint operator of T .
If q = 1, T is called a hyponormal operator and if q = 1/2, T is called a semi-hyponormal operator. See Martin and
Putinar [13] and Xia [17] for related topics and basic properties of hyponormal operators.
Aluthge [1] introduced Aluthge transformation T˜ = |T |1/2U |T |1/2 where the polar decomposition of T is
T = U |T |. For each p > 0 and r > 0, T˜p,r = |T |pU |T |r is called generalized Aluthge transformation.
As a generalization of q-hyponormal operators, Ito [10] introduced class wA(p, r) defined by(|T ∗|r |T |2p|T ∗|r) rp+r  |T ∗|2r and (|T |p|T ∗|2r |T |p) pp+r  |T |2p.
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Theorem 3.1. Given any positive numbers p, r , p1 and r1 with r1 > r , there exists an operator T such that T is
a class wA(p1, r1) operator but not a class wA(p, r) operator.
Theorem 3.1 implies that the inclusion relations in Theorem 1.3 are strict.
Lemma 3.2. For positive operators A and B on a Hilbert space H, define operators U and D on ⊕∞k=−∞Hk where
Hk ∼=H as follows:
U =
⎛
⎜⎜⎜⎜⎜⎜⎜⎝
. . .
. . . 0
1 (0)
1 0
. . .
. . .
⎞
⎟⎟⎟⎟⎟⎟⎟⎠
, D =
⎛
⎜⎜⎜⎜⎜⎜⎜⎝
. . .
B
1
2
(A
1
2 )
A
1
2
. . .
⎞
⎟⎟⎟⎟⎟⎟⎟⎠
,
where (·) shows the place of the (0,0) matrix element, and T = UD. Then the following assertions hold for each
p > 0, r > 0 and β > 0:
(1) (|T ∗|r |T |2p|T ∗|r )β  |T ∗|2(p+r)β if and only if (B r2 ApB r2 )β  B(p+r)β .
(2) |T |2(p+r)β  (|T |p|T ∗|2r |T |p)β if and only if A(p+r)β  (Ap2 BrAp2 )β .
This example appears in [22,23] and is a modification of [4, Theorem 2] and [18, Lemma 1].
Proof. By easy calculation,
|T |2 =
⎛
⎜⎜⎜⎜⎜⎜⎝
. . .
B
(A)
A
. . .
⎞
⎟⎟⎟⎟⎟⎟⎠
, |T ∗|2 =
⎛
⎜⎜⎜⎜⎜⎜⎝
. . .
B
(B)
A
. . .
⎞
⎟⎟⎟⎟⎟⎟⎠
,
therefore
|T ∗|r |T |2p|T ∗|r =
⎛
⎜⎜⎜⎜⎜⎜⎝
. . .
Bp+r
(B
r
2 ApB
r
2 )
Ap+r
. . .
⎞
⎟⎟⎟⎟⎟⎟⎠
and
|T |p|T ∗|2r |T |p =
⎛
⎜⎜⎜⎜⎜⎜⎝
. . .
Bp+r
(A
p
2 BrA
p
2 )
Ap+r
. . .
⎞
⎟⎟⎟⎟⎟⎟⎠
.
By comparing the (0,0) elements of the operator matrices above, the assertions hold. 
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that
Hr1 
(
H
r1
2 Kp1H
r1
2
) r1
p1+r1 , H r 
(
H
r
2 KpH
r
2
) r
p+r .
Let A = H and B = K , define an operator T on ⊕∞k=−∞Hk where Hk = H as Lemma 3.2. Then T a class
wA(p1, r1) operator but not a class wA(p, r) operator by Lemma 3.2. 
Aluthge [1] showed a kind of polar decomposition of Aluthge transformation on invertible q-hyponormal operators
via the equation K = THT .
Theorem 3.3. (See [1].) Let T be a invertible q-hyponormal operator and the polar decomposition of T˜ be T˜ = U˜ |T˜ |.
Then |T˜ | = |T |1/2S−1|T |1/2 and U˜ = |T |1/2US|T |−1/2 where S is the solution to the equation |T | = SU∗|T |US.
The following assertion say that this result holds for any invertible operator T .
Theorem 3.4. Let T be an invertible operator and the polar decomposition of T˜p,r be T˜p,r = U˜p,r |T˜p,r |. Then |T˜p,r | =
|T |rS−1|T |r and U˜p,r = |T |pUS|T |−r where S is the solution to the equation |T |2r = SU∗|T |2pUS.
Proof. By Remark 2.7, the solution S to |T |2r = SU∗|T |2pUS exists and S = H −12 (H 12 KH 12 ) 12 H −12 where H =
U∗|T |2pU and K = |T |2r . Hence S is invertible for T is invertible and
|T˜p,r | =
(|T |rS−1|T |2rS−1|T |r)1/2 = |T |rS−1|T |r .
Moreover, U˜p,r = T˜p,r |T˜p,r |−1 = |T |pUS|T |−r . 
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